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ABSTRACT
We present a theoretical study of radiative transfer in strongly magnetized electron-ion plasmas,
focusing on the effect of vacuum polarization due to quantum electrodynamics. This study is directly
relevant to thermal radiation from the surfaces of highly magnetized neutron stars, which have been
detected in recent years. Strong-field vacuum polarization modifies the photon propagation modes in
the plasma, and induces a “vacuum resonance” at which a polarized X-ray photon propagating outward
in the neutron star atmosphere can convert from a low-opacity mode to a high-opacity mode and vice
versa. The effectiveness of this mode conversion depends on the photon energy and the atmosphere
density gradient. For a wide range of field strengths, 7 × 1013 <∼ B <∼ a few × 1016 G, the vacuum
resonance lies between the photospheres of the two photon modes, and the emergent radiation spectrum
from the neutron star is significantly modified by the vacuum resonance. (For lower field strengths, only
the polarization spectrum is affected.) Under certain conditions, which depend on the field strength,
photon energy and propagation direction, the vacuum resonance is accompanied by the phenomenon
of mode collapse (at which the two photon modes become degenerate) and the breakdown of Faraday
depolarization. Thus, the widely used description of radiative transfer based on photon modes is not
adequate to treat the vacuum polarization effect rigorously. We study the evolution of polarized X-rays
across the vacuum resonance and derive the transfer equation for the photon intensity matrix (Stokes
parameters), taking into account the effect of birefringence of the plasma-vacuum medium, free-free
absorption, and scatterings by electrons and ions.
Subject headings: magnetic fields – radiative transfer – stars: neutron – stars: atmospheres – X-rays:
stars
1. introduction
It has long been known that in a strong magnetic
field even the vacuum has a nontrivial dielectric prop-
erty; this is the result of vacuum polarization, a genuine
quantum electrodynamics effect (Heisenberg & Euler 1936;
Schwinger 1951; Adler 1971; Tsai & Erber 1975; Heyl
& Hernquist 1997). This effect is usually negligible for
B <∼ BQ, but becomes increasingly important when B ex-
ceeds BQ, where BQ = m
2
ec
3/(e~) = 4.414 × 1013 G is
the magnetic field at which the electron cyclotron energy
~ωBe = ~eB/(mec) equals mec
2. A number of studies
in the late 1970s showed that vacuum polarization can af-
fect radiative transfer in magnetized plasmas by modifying
photon polarization modes and inducing features in the
radiative opacities (Gnedin, Pavlov & Shibanov 1978a,b;
Meszaros & Ventura 1978,1979; Pavlov & Shibanov 1979;
Ventura, Nagel & Meszaros 1979; see Pavlov & Gnedin
1984 and Meszaros 1992 for review). These earlier studies
were mostly applied to radio pulsars and accreting X-ray
binaries, for which B <∼ BQ. Not surprisingly, the ef-
fect of vacuum polarization in these systems appears to be
relatively minor and, as far as we know, no concrete ob-
servational manifestation of vacuum polarization has been
identified.
In the last few years, soft gamma-ray repeaters (SGRs)
and anomalous X-ray pulsars (AXPs) have been identified
as a potentially new class of neutron stars (NSs) endowed
with superstrong (B >∼ 1014 G) magnetic fields, the so-
called “magnetars” (see Thompson & Duncan 1996; Hur-
ley 2000; Thompson 2001; Israel et al 2001). This has
stimulated new studies on radiative processes in the su-
perstrong magnetic field regime. Of particular relevance
to the present paper is the detection of thermal X-rays
from the surface of isolated magnetic NSs (see Pavlov et
al. 2002 for a recent review), including five magnetar can-
didates (4 AXPs and one SGR; see, e.g., Patel et al. 2001;
Juett et al. 2002; Tiengo et al. 2002). The thermal emis-
sion can potentially provide useful constraints on the in-
terior physics, surface magnetic field and composition of
NSs. Several recent works have begun to model the at-
mosphere emission from magnetars, including the effect
of vacuum polarization (Bezchastnov et al. 1996; Bulik &
Miller 1997; O¨zel 2001; Ho & Lai 2001, 2003; Lai & Ho
2002a; a review/comment of these works can be found in
Ho & Lai 2003).
In a highly magnetized plasma which characterizes NS
atmospheres, there are two photon polarization modes,
and they have very different radiative opacities. Previ-
ous theoretical modeling of magnetic NS atmospheres (see
Ho & Lai 2003 and references therein; see also Pavlov et
al. 1995; Zavlin & Pavlov 2002 for reviews) are based on
solving the transfer equations for the two photon modes.
As we discuss and quantify in §2 and §3 below, this modal
description of the radiative transport is, in general, inad-
equate to handle the vacuum polarization effect near the
“vacuum resonance” where the modes can mix and even
“collapse”. The main purpose of this paper is to clarify
these issues and to derive general transfer equations that
can be used to study the transport of polarized radiation
in the superstrong field regime.
1
2Section 2 contains a physical discussion of the vacuum
polarization effect on radiative transfer in magnetized NS
atmospheres. In §3, we derive the basic properties of pho-
ton modes in magnetized plasmas and quantify the limi-
tation of the modal description of radiative transport. We
then study in §4 and §5 the propagation of polarized pho-
tons in an inhomogeneous plasma. We derive in §6 the
transfer equations for the photon intensity matrix and con-
clude in §7.
2. vacuum polarization effect on radiative
transfer and atmosphere spectra of
magnetars: a physical discussion
To motivate our quantitative study in §3-§6, we present
a physical discussion of the effect of vacuum polarization
on radiative transfer in strong magnetic fields and on the
thermal spectra of magnetars (see Lai & Ho 2002a; Ho &
Lai 2003; hereafter LH02 and HL03). This also serves to
clarify some of the confusions that have appeared recently
(see Lai & Ho 2002b).
In a highly magnetized NS atmosphere, both the plasma
and vacuum polarization contribute to the dielectric prop-
erty of the medium. A “vacuum resonance” arises when
these two contributions “compensate” each other (Gnedin
et al. 1978a,b; Pavlov & Shibanov 1979; Meszaros & Ven-
tura 1979; Ventura et al. 1979). For a photon of energy
E, the vacuum resonance occurs at the density
ρV ≃ 0.964 Y −1e B214E21f−2 g cm−3, (1)
where Ye is the electron fraction, E1 = E/(1 keV), B =
1014B14 G is the magnetic field strength, and f = f(B)
is a slowly varying function of B and is of order unity
(LH02 and HL03). For ρ > ρV (where the plasma ef-
fect dominates the dielectric tensor) and ρ < ρV (where
vacuum polarization dominates), the photon modes (for
E much smaller than the electron cyclotron energy EBe)
are almost linearly polarized (see Fig. 3 below): the ex-
traordinary mode (X-mode) has its electric field vector E
perpendicular to the kˆ-Bˆ plane, while the ordinary mode
(O-mode) is polarized along the kˆ-Bˆ plane (where kˆ spec-
ifies the direction of photon propagation, Bˆ is the unit
vector along the magnetic field). Near ρ = ρV , however,
the normal modes become circularly polarized as a result
of the “cancellation” of the plasma and vacuum effects —
both effects tend to make the mode linearly polarized, but
in mutually orthogonal directions. When a photon propa-
gates in an inhomogeneous medium, its polarization state
will evolve adiabatically if the density variation is suffi-
ciently gentle. Thus, a X-mode (O-mode) photon will be
converted into a O-mode (X-mode) as it traverses the vac-
uum resonance (see Fig. 1). This resonant mode conver-
sion is analogous to the MSW effect of neutrino oscillation
(e.g., Haxton 1995). For this conversion to be effective,
the adiabatic condition must be satisfied:
E >∼ Ead(B, θB, Hρ)
= 1.49
(
f tan θB|1− ui|
)2/3 (5 cm
Hρ
)1/3
keV, (2)
where θB is the angle between kˆ and Bˆ, ui = (EBi/E)
2,
EBi is the ion cyclotron energy, and Hρ = |dz/d ln ρ|
is the density scale height (evaluated at ρ = ρV ) along
the ray. For an ionized Hydrogen atmosphere, Hρ ≃
2kT/(mpg cos θ) = 1.65T6/(g14 cos θ) cm, where T =
106 T6 K is the temperature, g = 10
14g14 cm s
−2 is the
gravitational acceleration, and θ is the angle between the
ray and the surface normal. We note that in this paper [as
in our previous papers (LH02, HL03), and in several other
references such as Meszaros & Ventura (1979), Meszaros
(1992, p. 94), etc.], we refer to the O-mode as the mode
with |K| = |Ex/Ey| ≫ 1 and the X-mode as the mode
with |K| ≪ 1 (here the z-axis is along kˆ and the y-axis is
in the direction of Bˆ × kˆ), thus the name “mode conver-
sion”. Alternatively, one can define modes with definite
helicity (the sign of K = −iEx/Ey) such that K changes
continuously as ρ changes; we call these plus-mode and
minus-mode (see §3). Thus we may also say that in the
adiabatic limit, the photon will remain in the same plus or
minus branch, but the character of the mode is changed
across the vacuum resonance. Indeed, in the literature
on radio wave propagation in plasmas (e.g., Budden 1961;
Zheleznyakov et al. 1983), the nonadiabatic case, in which
the photon state jumps across the continuous curves, is
referred to as “linear mode coupling”. It is important to
note that the “mode conversion” effect discussed here is
not a matter of semantics. The key point is that in the
adiabatic limit, the photon polarization ellipse changes its
orientation across the vacuum resonance, and therefore the
photon opacity changes significantly 1. We prefer to use
the term “mode conversion” since it captures this essential
feature important for radiative transfer, and it is analogous
to the MSW effect and other quantum mechanics problems
involving adiabatic evolution of quantum states (Landau
1932; Zener 1932).
Because the two photon modes have vastly different
opacities, the vacuum polarization-induced mode conver-
sion can significantly affect radiative transfer in mag-
netar atmospheres. The main effect of vacuum po-
larization on the atmosphere spectrum can be under-
stood as follows. When the vacuum polarization ef-
fect is neglected, the decoupling densities of the O-mode
and X-mode photons (i.e., the densities of their respec-
tive photospheres) are approximately given by (for Hy-
drogen plasma) ρO ≃ 0.42T−1/46 E3/21 G−1/2 g cm−3 and
ρX ≃ 486T−1/46 E1/21 B14G−1/2 g cm−3 (see LH02), where
G = 1−e−E/kT . The vacuum resonance lies between these
two photospheres when ρO < ρV < ρX , i.e.
Bl < B < Bh, (3)
where
Bl ≃ 6.6× 1013 f T−1/86 E−1/41 G−1/4 G, (4)
Bh ≃ 5.1× 1016 f2 T−1/46 E−3/21 G−1/2 G. (5)
When this condition is satisfied, the effective decoupling
depths of the photons are changed2. Indeed, we see from
1 The O-mode has a significant component of its E field along Bˆ (for most directions of propagation except when kˆ is nearly parallel to Bˆ),
and therefore the O-mode opacity is close to the B = 0 value, while the X-mode opacity is much smaller.
2 For B > Bh the vacuum resonance lies deeper than the photospheres of both modes, while for B < Bl the resonance lies outside both
photospheres. In both cases, the effect of vacuum polarization on the radiative spectrum is expected to be small, although in the latter case
(B < Bl), the polarization of the emitted photons will be modified by the vacuum resonance.
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Fig. 2 that mode conversion makes the effective decoupling
density of X-mode photons (which carry the bulk of the
thermal energy) smaller, thereby depleting the high-energy
tail of the spectrum and making the spectrum closer to
black-body (although the spectrum is still harder than
black-body because of nongrey opacities) 3. This expec-
tation is borne out in self-consistent atmosphere modeling
presented in HL03. Another important effect of vacuum
polarization on the spectrum, first noted in HL03, is the
suppression of proton cyclotron lines (and maybe other
spectral lines; see also Ho et al. 2003). The physical ori-
gin for such line suppression is related to the depletion of
continuum flux, which makes the decoupling depths inside
and outside the line similar. HL03 suggests that the ab-
sence of lines in the observed spectra of several AXPs may
be an indication of the vacuum polarization effect at work
in these systems.
Our previous study (LH02) on the vacuum-induced
mode conversion did not explicitly take into account of
the effect of dissipation on the mode structure. Although
this dissipative effect is small under many situations, near
the vacuum resonance and for some directions of propaga-
tion, the two photon modes can “collapse”, i.e., they be-
come identical and hence nonorthogonal (Soffel et al. 1983;
see also Pavlov & Shibanov 1979). The analysis of LH02
breaks down near these “mode collapse” points (see §3).
The question therefore arises as to how the polarization
state evolves as the photon travels near the mode collapse
point. Also, as mentioned in §1, previous studies of NS at-
mospheres with strong magnetic fields rely on the modal
description of the radiative transport. This is valid only in
the limit of large Faraday depolarization (Gnedin & Pavlov
1974), which is not always satisfied near the vacuum res-
onance especially for superstrong field strengths (see §3).
More importantly, the transfer equations based on nor-
mal modes cannot handle the cases in which partial mode
coupling (conversion) occurs across the vacuum resonance
(i.e., when the adiabatic condition is neither strongly sat-
isfied or violated). Clearly, to properly account for the
effects of mode collapse, breakdown of Faraday depolar-
ization, and mode conversion associated with vacuum po-
larization, one must go beyond the modal description of
the radiation field by formulating and solving the trans-
fer equation in terms of the photon intensity matrix (or
Stokes parameters) and including the birefringence of the
plasma-vacuum medium (see §5 and §6).
3. photon polarization modes, vacuum
resonance, mode collapse, and faraday
depolarization
The property of photon modes in a magnetized electron-
ion plasma including vacuum polarization was studied in
LH02 and HL03 (see also Meszaros 1992 and references
therein for earlier works in which electron plasmas with
B ≪ BQ were studied). In these papers, however, the
damping terms in the dielectric tensor were largely ne-
glected (but see §2.5 of HL03). Including these damp-
ing terms can (for certain parameter regimes) modify the
mode property near the vacuum resonance and give rise
to the phenomenon of mode collapse.
Following Ginzburg (1970), we consider a cold, magne-
tized plasma composed of electrons and ions (with charge,
mass and number density given by −e, me, ne and
Ze, M = Amp, ni = ne/Z, respectively; here Z is the
charge number and A is the mass number of the ion).
The electrons and ions are coupled by collisions (with the
collision frequency νei). We generalize Ginzburg’s result
by including the radiative dampings of electrons and ions,
with the damping frequencies νre and νri, respectively. In
the coordinate system XY Z with B along Z, the plasma
contribution to the dielectric tensor is given by 4
[
ǫ
(p)
]
Zˆ=Bˆ
=
[
ε ig 0
−ig ε 0
0 0 η
]
, (6)
where
ε± g ≃ 1− ve(1 + iγri) + vi(1 + iγre)
(1 + iγre ± u1/2e )(1 + iγri ∓ u1/2i ) + iγ±ei
, (7)
η ≃ 1− ve
1 + i(γei + γre)
− vi
1 + i(γei + γri)
. (8)
In eqs. (7) and (8), we have defined the dimensionless
quantities
ue =
ω2Be
ω2
, ui =
ω2Bi
ω2
, ve =
ω2pe
ω2
, vi =
ω2pi
ω2
, (9)
where ωBe = eB/(mec) is the electron cyclotron fre-
quency, ωBi = ZeB/(Mc) = (Zme/Amp)ωBe is the ion
cyclotron frequency, ωpe = (4πnee
2/me)
1/2 is the elec-
tron plasma frequency, and ωpi = (4πniZ
2e2/M)1/2 =
(Zme/Amp)
1/2ωpe is the ion plasma frequency. The di-
mensionless damping rates γei = νei/ω, γre = νre/ω, and
γri = νri/ω are given by
γei =
Z2nie
4
~ω2
(
2π
mekT
)1/2
(1 − e−~ω/kT ) gffα
= 9.2× 10−5Z
2
A
ρ1
T
1/2
6 E
2
1
(1− e−E/kT ) gffα , (10)
γre =
2e2ω
3mec3
= 9.5× 10−6E1, (11)
γri =
Z2me
Amp
γre = 5.2× 10−9Z
2
A
E1, (12)
where gffα is the Gaunt factor. In eq. (7),
γ±ei = γei
[
1∓ u1/2i (1− Z−1) +me/(Amp)
]
. (13)
For Hydrogen plasmas, γ±ei ≃ γei.
Including vacuum polarization, the dielectric tensor ǫ
and inverse permeability tensor µ−1 ≡ µ¯ can be written
3 Even when mode conversion is neglected, the X-mode decoupling depth can still be affected by vacuum polarization. This is because the
X-mode opacity exhibits a spike feature near the resonance, and the optical depth across the resonance region can be significant; see LH02.
4 Unlike the expression given in Ginzburg (1970), equations (7) and (8) are accurate as long as γei, γre, γri ≪ 1; these accurate expressions
are necessary in order to recover the correct scattering cross-sections. Also note that when the damping terms are neglected, eqs. (7)-(8) agree
with eqs. (2.2)-(2.4) of HL03. When the damping terms are included, the latter equations are incorrect. The reason is that in the presence of
electron-ion collisions, the electron and ion cannot be treated as independent particles. The difference between these two sets of equations is
appreciable only for ω <∼ ωBi. See Potekhin & Chabrier (2002) for a discussion.
4as ǫ = ǫ(p) + ∆ǫ(v), µ¯ = I + ∆µ¯(v) (where I is the unit
tensor). The vacuum corrections are
∆ǫ(v) = (a− 1)I+ qBˆBˆ, (14)
∆µ¯(v) = (a− 1)I+mBˆBˆ, (15)
where a, q, and m are functions of B (the explicit expres-
sions are given in LH02 and HL03). Including the contri-
bution from vacuum polarization, the dielectric tensor can
still be written in the form of eq. (6), except
ε→ ε′ = ε+ a− 1, η → η′ = η + a+ q − 1. (16)
With the dielectric tensor and permeability tensor
known, the photon modes can be determined in a straight-
forward manner. In the xyz coordinates with k along the
z-axis and lies in the X-Z plane (such that Bˆ×kˆ = sin θB yˆ,
where θB is the angle between k and B), we write the elec-
tric field of the mode as E± ∝ (iK±, 1, iKz±), where the
ellipticity K± = −iEx/Ey is given by
K± = β ±
√
β2 + r, (17)
with r = 1 + (m/a) sin2 θB ≃ 1, and the (complex) polar-
ization parameter β is
β = −ε
′2 − g2 − ε′η′ (1 +m/a)
2gη′
sin2 θB
cos θB
. (18)
The refractive index n± is given by
n2± =
gη′
aǫ33
(
ε′
g
+
1
K±
cos θB
)
, (19)
where ǫ33 = ε
′ sin2 θB + η
′ cos2 θB.
The polarization parameter β directly determines the
characteristics of photon normal modes in the medium.
For ve ≪ 1, the real part of β can be written as Re(β) =
β0βV , where
β0 ≃ u
1/2
e sin
2 θB
2 cos θB
(1− ui) , (20)
and
βV ≃ 1 + (q +m) (1− ue)
ueve
. (21)
The condition Re(β) = 0 selects out three critical photon
energies EBe = ~ωBe, EBi = ~ωBi and EV (for a given
density), where the latter is the vacuum resonance energy
EV ≃ ~ωpe√
q +m
. (22)
We shall concentrate on this vacuum resonance in the re-
mainder of this paper. Since EV depends on density, a
photon with a given energy E traveling in an inhomo-
geneous medium encounters the vacuum resonance at the
density ρV , given by eq. (1). Figure 3 show some examples
of the mode properties near the vacuum resonance.
Including the damping terms in the dielectric tensor
gives rise to the phenomenon of mode collapse (see Soffel
et al. 1983 and references therein). This occurs when the
two polarization modes become identical, i.e.,K+ = K− or
n+ = n−, which requires β = ±i
√
r ≈ ±i. Using eq. (18),
we find, for ue ≫ 1, ve ≪ 1, and neglecting ions (ui ≪ 1),
β ≈ u
1/2
e
2
sin2 θB
cos θB
(βV − iγe) (23)
where βV ≈ 1 − (q + m)/ve = 1 − (E/EV)2 and γe =
γei + γre. So the condition β = ±i selects out a crit-
ical angle θB = θcoll at which mode collapse occurs:
sin2 θcoll/ cos θcoll = 2/(u
1/2
e γe). When the ion effect is
included (i.e., when ui >∼ 1), no simple expression for the
complex β can be obtained, and θcoll must be calculated
numerically (see Fig. 4). Figure 4 shows that for “ordi-
nary” field strengths (B14 <∼ 0.1), θcoll is very close to
90◦ for most photon energies (in agreement with Soffel et
al. 1983); for superstrong field strengths (B14 >∼ 1), how-
ever, θcoll can be much smaller than 90
◦. Figure 4 also
shows that at E = EBi (the ion cyclotron energy), the
mode collapse point is always very close to θB = 90
◦.
More generally, the modal description of radiative trans-
fer is valid only in the limit of large Faraday depolariza-
tion, when the phase shift between the two modes over
a mean free path is significant, i.e., when the condition
|Re(n+ − n−)| ≫ |Im(n+ + n−)| is satisfied (Gnedin &
Pavlov 1974). Consider first the situation where the ion
effect is neglected (i.e., ui ≪ 1). For ue ≫ 1, we find
Re(n2+ − n2−) ≈ −
2ve
u
1/2
e
cos θBRe
(√
1 + β2
)
, (24)
Im(n2+ + n
2
−) ≈ γeve
[
sin2 θB +
1
ue
(
1 + cos2 θB
)]
, (25)
where β is given by eq. (23). For |βV| & a few × γe (i.e.,
for E slightly away from EV), we have |Re(n2+ − n2−)| ∼
2veu
−1/2
e max(cos θB, u
1/2
e βV sin
2 θB), thus the condition
for Faraday depolarization is satisfied for all θB . On the
other hand, for |βV| ≪ γe (i.e., for E extremely close to
EV), the condition |Re(n+ − n−)| & |Im(n+ + n−)| re-
quires (γeu
1/2
e /2)| sin2 θB/ cos θB| = |Im(β)| . 1; this con-
dition translates to θB . θcoll or θB & π − θcoll. In other
words, the breakdown of Faraday depolarization at the
vacuum resonance (|βV| ≪ γe) is restricted to an angular
region of θB around π/2. For a given B and θB, to satisfy
Faraday depolarization requires E ≫ EFar(B, θB), where
EFar(B, θB) is obtained by setting Im(β) = 1. This result
can be generalized to the case where the ion effect is not
negligible (i.e., ui >∼ 1), although the simple expressions
(24) -(25) are no longer valid. In general, while mode col-
lapse at the vacuum resonance(βV = 0) occurs only at two
angles θB = θcoll and π − θcoll, the breakdown of Faraday
depolarization occurs for θcoll <∼ θB <∼ π − θcoll. To put it
another way, for a given B and θB, there is a range of ener-
gies for which Faraday depolarization breaks down; we see
from Fig. 5 that this range becomes larger as B increases.
The above analysis shows that in the superstrong field
regime (B14 >∼ 1), mode collapse and breakdown of Fara-
day depolarization at vacuum resonance can occur for a
wide range of photon energies and propagation directions.
Therefore, a rigorous treatment of radiative transfer near
the vacuum resonance, in general, requires solving the
transport equations for the four photon intensity matrix,
or Stokes parameters.
4. equations for the evolution of
electromagnetic waves and mode amplitudes
An electromagnetic (EM) wave with a given frequency
ω satisfies the wave equation
∇× (µ¯ · ∇ ×E) = ω
2
c2
ǫ ·E. (26)
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We assume that the medium is weakly anisotropic so that
deflection of the photon trajectory can be neglected. This
requires that the deviation of ǫ or µ¯ from the unit tensor
is small. Consider a wave propagating in the z-direction.
The external magnetic field is assumed to be constant,
and the medium density varies in space with character-
istic length scale Hρ ≫ c/ω. Let E = eik0zA, where
k0 ≡ ω/c. Assuming that |dA/dz| ≪ k0|A| (geometric
optics approximation), we have
dAx
dz
=
ik0
2a
[
(ǫ11 − a)Ax + ǫ12Ay + ǫ13Az
]
, (27)
dAy
dz
=
ik0
2(a+m sin2 θB)
[
ǫ21Ax
+(ǫ22 − a−m sin2 θB)Ay + ǫ23Az
]
, (28)
Az =
ǫ13Ax + ǫ23Ay
ǫ33
, (29)
where ǫij is the component of the dielectric tensor in the
xyz coordinate system (with the z-axis along k). We shall
find that near the vacuum resonance, A can vary on the
length scale 1/(k0|n+−n−|) (see §5.2), much shorter than
Hρ, but the condition |dA/dz| ≪ k0|A| is still easily sat-
isfied as long as |n+ − n−| ≪ 1. Using the expressions
for ǫij , we find that |ǫ13/ǫ33| ≃ |(ve − q) sin θB cos θB| and
|ǫ23/ǫ33| ≃ |veu−1/2e sin θB/(1 − ui)| for |ui − 1| >∼ me/mp
(and ue ≫ 1). Thus, as long as ve ≪ 1 (valid for suffi-
ciently low densities) and q ≪ 1 (valid for B14 ≪ 600),
the wave is transverse for most photon energies (an excep-
tion occurs when E is very close to EBi). We shall adopt
this transverse approximation in the following 5. Since
a− 1, m≪ 1, the evolution equation for A simplifies to
d
dz
(
Ax
Ay
)
=
ik0
2
[
σ11 σ12
σ21 σ22
](
Ax
Ay
)
(30)
where
σ11 = ǫ11 − a = ε′ cos2 θB + η′ sin2 θB − a, (31)
σ12 = −σ21 = ǫ12 = ig cos θB, (32)
σ22 = ǫ22 − a−m sin2 θB = ε′ − a−m sin2 θB. (33)
Equation (30) can be used to study the evolution of EM
wave amplitude across the vacuum resonance under the
most general conditions. Equivalently, we can use the pho-
ton density matrix to study the wave propagation (§5).
4.1. Evolution of Mode Amplitude
It is instructive to show that when dissipation is ne-
glected, eqs. (30) can be reduced to the evolution equa-
tions for the mode amplitudes given in LH02. Let(
Ax
Ay
)
= exp
[
ik0
4
∫ z
(σ11 + σ22)dz
]( Ax
Ay
)
. (34)
Equations (30) reduce to
d
dz
( Ax
Ay
)
=
ik0∆n
2
[
cos 2θm i sin 2θm
−i sin 2θm − cos 2θm
]( Ax
Ay
)
(35)
where ∆n is the difference of the indices of refraction for
the two modes and θm is the “mixing angle”, as given by
∆n =
−iσ12
sin 2θm
, tan 2θm =
−2iσ12
σ11 − σ22 . (36)
When dissipation is neglected, ∆n and θm are real, and
for ue ≫ 1, we find
∆n = − ve cos θB
u
1/2
e (1− ui) sin 2θm
, (37)
(tan 2θm)
−1 =
u
1/2
e (1− ui) sin2 θB
2 cos θB
(
1− q +m
ve
)
= β. (38)
The normal mode eigenvectors are (Ax,Ay) =
(i cos θm, sin θm) and (−i sin θm, cos θm). We define the
mode amplitude A+ and A− via( Ax
Ay
)
= A+
(
i cos θm
sin θm
)
+A−
( −i sin θm
cos θm
)
. (39)
The equations for the evolution of A+ and A− are then
given by
i
d
dz
( A+
A−
)
=
[ −k0∆n/2 i d θm/dz
−i d θm/dz k0∆n/2
]( A+
A−
)
,
(40)
which agree with eq. (15) of LH02. Equations (35) and
(40) have the standard forms of the level crossing problem
in quantum mechanics (Landau 1932; Zener 1932). When
k0 |∆n| /2≫ |d θm/dz| , (41)
the polarization vector will evolve adiabatically (i.e.,
evolve along the continuous K+ or K− curve). Evalu-
ating this condition at vacuum resonance yields E ≫ Ead
[see eq. (2) and LH02 for details]. In general, for a linear
density profile, ρ = ρV (1 − z/Hρ) ≃ ρV exp(−z/Hρ) (for
|z| ≪ Hρ), the nonadiabatic jump probability is given by
Pjump = exp
[
−(π/2) (E/Ead)3
]
. (42)
Thus, in practice, when E >∼ 1.3Ead, the evolution will
be highly adiabatic (with Pjump <∼ 0.03). Figure 6 shows
the adiabatic regime E > Ead in the B–E plane for typi-
cal values of θB and Hρ. [Another way to understand the
adiabatic condition is discussed in §5.1; see eq. (60)].
5. evolution of stokes parameters across
vacuum resonance
5.1. Evolution Equations for Photon Intensity Matrix
We now study the transfer equation for the photon in-
tensity matrix6, taking into account the birefringence of
the plasma and the attenuation due to absorption and
scattering; we relegate the derivation of the source func-
tions to §6.
The intensity matrix Iαβ of the radiation is defined as
Iαβ ≡ C〈AαA∗β〉, (43)
where 〈· · ·〉 denotes time average (α, β = 1, 2 or x, y).
We choose the proportional constant C such that Iαβ
5 This approximation is also consistent with the requirement that the medium be weakly anisotropic.
6 It is beyond the scope of this paper to properly review previous works on transfer equations of polarized radiation in a magnetized medium;
see, e.g., Unno 1956; Dolginov et al. 1970; Dolginov & Pavlov 1974; Zheleznyakov et al. 1974. These papers study the transfer equation under
a variety of different approximations, in different contexts and with different level of generalities.
6has the units of specific intensity. The Stokes parameters
I,Q, U, V are related to Iαβ via
[Iαβ ] =
1
2
[
I +Q U + iV
U − iV I −Q
]
. (44)
Using eq. (30), we can derive the evolution equation for
the intensity matrix7:
d
dz
Iαβ = −1
2
k0
∑
γ
(
TαγIγβ + IαγT
+
γβ
)
, (45)
where
Tαβ = −iσαβ . (46)
Equivalently, the Stokes parameters S =
(S0, S1, S2, S3)
+ = (I,Q, U, V )+ evolve according to
d
dz


I
Q
U
V

 = k0


T0 T1 T2 T3
T1 T0 −Ω3 Ω2
T2 Ω3 T0 −Ω1
T3 −Ω2 Ω1 T0




I
Q
U
V


(47)
where
T0 = −1
2
(σ11i + σ22i) , (48)
T1 = −1
2
(σ11i − σ22i) , (49)
T2 = −1
2
(σ12i + σ21i) = 0, (50)
T3 =
1
2
(σ12r − σ21r) = σ12r , (51)
Ω1 =
1
2
(σ11r − σ22r) , (52)
Ω2 =
1
2
(σ12r + σ21r) = 0, (53)
Ω3 =
1
2
(σ12i − σ21i) = σ12i. (54)
Here σαβr = Re(σαβ) and σαβi = Im(σαβ). Following
Kubo & Nagata (1983), equation (47) can also be cast
into a vector form. Define vectors in the Poincare´ sphere
s = (S1/S0, S2/S0, S3/S0), (55)
T = (T1, T2, T3), (56)
Ω = (Ω1,Ω2,Ω3). (57)
Then
d
dz
s = k0 [Ω× s+ s × (T× s)] . (58)
In the absence of damping, T = 0, and from eq. (36) we
have8
Ω = ∆n (cos 2θm, 0, sin 2θm) . (59)
With this, the adiabatic mode evolution discussed in §4
can also be understood as follows. Consider a photon ini-
tially in the plus-mode, with (Ex, Ey) ∝ (i cos θm, sin θm);
it can be represented on the Poincare´ sphere by the vector
s = (cos 2θm, 0, sin 2θm). Thus s is initially parallel to Ω.
As the photon propagates in an inhomogeneous medium,
Ωˆ = Ω/∆n evolves on the Poincare´ sphere. If Ωˆ changes
slowly, s will evolve in the way that it remains almost par-
allel to Ωˆ; this requires∣∣∣∣d(Ω/∆n)dz
∣∣∣∣≪ k0|Ω|, (60)
or 2|dθm/dz| ≪ k0|∆n|, in agreement with eq. (41).
For use in §6, we define
I = (I11, I22, U, V )
+. (61)
The evolution equation can then be written as
d
dz
I = −M · I, (62)
where[
M
]
=
k0


σ11i 0 σ12i/2 −σ12r/2
0 σ22i −σ12i/2 −σ12r/2
−σ12i σ12i (σ11i+σ22i)/2 (σ11r−σ22r)/2
−σ12r −σ12r (σ22r−σ11r)/2 (σ11i+σ22i)/2

 (63)
5.2. Numerical Results
Figure 7 depicts four examples of the evolution of the
Stokes parameters when monochromatic radiation (of en-
ergy E = 0.1, 0.5, 1, 3 keV, respectively) propagates in
an inhomogeneous hydrogen plasma with density profile
ρ = ρV (E) exp(−z/Hρ), where Hρ = 5 cm. The vacuum
resonance is located at ρ = ρV (E) and z = 0, and the
external magnetic field is B14 = 1 and θB = 45
◦. In all
cases, the radiation is assumed to be in the plus-mode and
has intensity I = 1 (arbitrary units) at z = −0.3 cm. For
E = 3 keV, the evolution is highly adiabatic (see Fig. 6),
thus the radiation will remain in the plus-mode, with Q
changing from 1 (characteristic of O-mode) to −1 (char-
acteristic of X-mode). For E = 0.1 keV, the evolution is
highly non-adiabatic, and the four Stokes parameters re-
main almost constant across the vacuum resonance. For
E = 0.5 keV and 1 keV, we have the intermediate situa-
tion where partial mode coupling/conversion takes place
at the resonance.
The oscillation of Q, U, V after the radiation crosses
the vacuum resonance can be understood as follows. Since
the modes are orthorgonal and form a complete set away
from the resonance, we can write the radiation field after
the resonance as
E =
(
Ax
Ay
)
eik0z = A+
(
i cos θm
sin θm
)
+A−
(−i sin θm
cos θm
)
,
(64)
where θm is real (i.e., the damping terms are neglected in
calculating the modes). The corresponding Stokes param-
eters are
I = |A+|2 + |A−|2, (65)
Q = cos 2θm
(|A+|2 − |A−|2)
−2 sin 2θm|A+||A−| cos∆φ, (66)
U = −2|A+||A−| sin∆φ, (67)
V = sin 2θm
(|A+|2 − |A−|2)
+2 cos 2θm|A+||A−| cos∆φ, (68)
7 This form of the transfer equation was derived in Dolginov et al. (1970) for a general magnetoactive plasma, although no simple expression
for Tαβ was given there.
8 Heyl and Shaviv (2000) used an equation similar to eq. (58) (with T = 0) to study the polarization evolution of EM waves in a pure
magnetized vacuum (for which θm = 0) with a nonuniform external magnetic field.
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where |A±| ∝ exp(−ρκ±z/2) is the mode amplitude (κ±
is the opacity) and ∆φ = ∆φ0 + k0
∫ z
(n+ − n−) dz is
the phase difference between the modes (∆φ0 is the ini-
tial phase shift). Clearly, Q, U, V oscillate on the length
scale ∼ 1/[k0|n+ − n−|]. Also note that away from the
resonance, θm → 0 or π/2, so that the oscillation of Q
diminishes rapidly after the resonance.
The results of Fig. 7 are obtained using eq. (62). We
can obtain the same results by integrating eq. (30) and
calculating the Stokes parameters from eq. (43); this re-
quires many more integration steps than using eq. (62)
directly to achieve the same numerical accuracy. Since
the photon modes are well-defined away from the vacuum
resonance, we can calculate the mode amplitudes A+ and
A− from Ax and Ay [from integration of eq. (30)] us-
ing eq. (64). Figure 8 shows the evolution of the ratio
|A+|/|A|, where |A| = (|A+|2 + |A−|2)1/2. Using eq. (42),
we find that Pjump = 1−3.2×10−7, 0.84, 0.27, 6.5×10−7
for E = 0.1, 0.5, 1, 3 keV, respectively. Starting with
|A+|/|A| = 1 before resonance, this implies |A+|/|A| =
(1 − Pjump)1/2 = 5.7 × 10−4, 0.40, 0.85, 1 after the reso-
nance, in agreement with the numerical results shown in
Fig. 8. Note that except for the E = 0.1 keV case, the
three other cases all lie in the large Faraday depolariza-
tion regime (see Figs. 4, 5), and the agreement between
Fig. 8 and eq. (42) is not surprising.
Figure 9 shows another example of the evolution of po-
larized radiation, with E = 1.7 keV, B14 = 5, θB = 45
◦
and Hρ = 5 cm. For this case, β = 1.066 i at ρ = ρV , thus
the two modes nearly collapse at the vacuum resonance.
Nevertheless, we find that eq. (42) provides an accurate
description for the evolution across the resonance: after
the resonance, |A−| = P 1/2jump = 0.93 and decays slowly,
while the plus-mode damps quickly because of the large
opacity.
We note the distance over which resonant evolution oc-
curs is much smaller than the the photon mean free path
(see Figs. 7-9). We can estimate the width of the resonance
as follows. From eq. (38) we have
β =
u
1/2
e (1− ui) sin2 θB
2 cos θB
(1− ρV /ρ) . (69)
At the resonance β = 0. If we define the edge of the reso-
nance region using the consition |β| = βed >∼ a few, we find
the half-width of the resonance to be given by (LH02)
(∆z)V =
2βedHρ cos θB
u
1/2
e |1− ui| sin2 θB
≃ 1.73× 10−3βed|1− ui|−1 cos θB
sin2 θB
(
E1
B14
)
Hρ. (70)
On the other hand, the imaginary parts of the indices of
refraction of the two modes are given by
Im(n2+) ≃ γeve sin2 θB cos2 θm, (71)
Im(n2−) ≃ γeve sin2 θB sin2 θm, (72)
[valid for ue ≫ 1 and ui ≪ 1; cf. eq. (25)]. The mean
free path l is given by l−1 = (ω/c)Im(n2), and thus
l ≥ c/(ωγeve) (the right-hand side being the mean free
path at B = 0). When collisional damping dominates,
γe ≃ γei ≫ γre [see eqs. (10)-(11)], we have
l ≥ 0.26 AT
1/2
6 E
3
1
Z2ρ21(1− e−E/kT )gffα
cm. (73)
When scattering dominates, l ≥ 2.5ρ−11 cm. Thus the re-
lation l≫ (∆z)V is almost always satisfied.
6. transfer equations for stokes parameters
Including the source term, the transfer equation reads
[cf. eq. (62)]
d
ds
I = kˆ · ∇I = −M · I + Sem + Ssc, (74)
where we have used ds (instead of dz) to specify the deriva-
tive along the ray. We derive the source functions Sem and
Ssc below.
6.1. Source Function: Emission
The emissivity Sem can be derived by considering the
radiation field in thermodynamic equilibrium with matter,
for which I = (Bν/2, Bν/2, 0, 0)
+. Note that under this
situation, Ssc should completely cancel out the scattering
contribution to M · I (see §6.2.2). Thus
Sem =
k0Bν
2
(
σ11i, σ22i, 0,−2σ12r
)+
em
. (75)
This is equivalent to adding to the RHS of eq. (47) a source
term
−k0Bν
(
T0, T1, T2, T3
)+
em
. (76)
This is also the same as adding to the RHS of eq. (45) a
term
1
4
k0Bν
(
Tαβ + T
+
αβ
)
em
. (77)
The subscript “em” in eqs. (75)-(77) implies that the terms
proportional to γre = γri should be excluded in evaluating
these equations, since these terms are related to scattering
contributions (§6.2.2). Equations (31)-(33) yield
σ11i = εi cos
2 θB + ηi sin
2 θB, (78)
σ22i = εi, (79)
σ12r = −gi cos θB. (80)
From eqs. (7) and (8), we find
εi ± gi = Im(ε± g) =
Λ±
[
veγ
±
ei + (1∓ u1/2i )2veγre + (1 ± u1/2e )2viγri
]
,(81)
ηi = Im(η) = veγei + veγe + viγi, (82)
where
Λ± =
[
(1± u1/2e )2(1 ∓ u1/2i )2 + γ2±
]−1
(83)
and
γ± = γ
±
ei + (1 ± u1/2e )γri + (1∓ u1/2i )γre. (84)
Thus eq. (75) becomes
Sem =
k0veBν
4


cos2θB
(
Λ+γ
+
ei + Λ−γ
−
ei
)
+ 2γei sin
2θB
Λ+γ
+
ei + Λ−γ
−
ei
0
2
(
Λ+γ
+
ei − Λ−γ−ei
)
cos θB

 .
(85)
Note that the terms in eq. (85) can be easily related
to the free-free opacity: in magnetic fields, a photon of a
certain polarization has an absorption opacity given by
κff = κ+|e+|2 + κ−|e−|2 + κ0|e0|2, (86)
where e0 = eZ , e± = (eX ± ieY )/
√
2 are the spherical
components (with B along the Z-axis) of the photon’s unit
polarization vector e, and
κ± =
k0
ρ
veγ
±
eiΛ±, κ0 =
k0
ρ
veγei. (87)
Equation (87) agrees with (and generalizes to include the
Z > 1 case) the result of Potekhin & Chabrier (2002).
86.2. Source Function: Scattering
We first derive the source function due to electron scat-
tering. The contribution from ion scattering can be easily
added (see below).
Consider an incident EM wave with electric field
E
′(r, t) = E′eik
′
·r−iωt, where E′ = E′xeˆx′ + E
′
yeˆy′ . In
the coordinate system XY Z with B along the Z-axis, the
direction of the wave vector k′ = k0kˆ
′ is specified by the
polar angles θ′B and φ
′
B. We define the directions of the
unit vectors eˆx′ and eˆy′ such that eˆx′ lies in the merid-
ian plane and points in the direction of increasing θ′B, and
eˆx′ × eˆy′ = kˆ′. Similarly, the scattered wave is denoted
by E(r, t) = E eik·r−iωt, where E = Exeˆx+Ey eˆy, and the
polar angles for kˆ are θB and φB. We also define unit
vectors
eˆ± = (eˆX ± ieˆY )/
√
2, eˆ0 = eˆZ . (88)
We can write the incident wave as
E
′ =
∑
α=0,±
E′αeˆ
∗
α, with E
′
α = eˆα ·E′. (89)
(Here and henceforth,
∑
α refers to sum over α = 0,±).
The scattered wave is given by the standard dipole formula
E = kˆ× (kˆ× d¨)/(c2r), with
d¨ = c2re
∑
α
(1 + αu1/2e )
−1E′αeˆ
∗
α, (90)
where re = e
2/(mec
2). Thus the Jones matrix relating E′
and E is given by(
Ex
Ey
)
= −re
r
[
a b
c d
](
E′x
E′y
)
, (91)
where
a =
∑
α
(1 + αu1/2e )
−1(eˆx · eˆ∗α)(eˆα · eˆx′), (92)
b =
∑
α
(1 + αu1/2e )
−1(eˆx · eˆ∗α)(eˆα · eˆy′), (93)
c =
∑
α
(1 + αu1/2e )
−1(eˆy · eˆ∗α)(eˆα · eˆx′), (94)
d =
∑
α
(1 + αu1/2e )
−1(eˆy · eˆ∗α)(eˆα · eˆy′). (95)
Using eˆx = cos θB(cosφB eˆX + sinφB eˆY ) − sin θB eˆZ and
eˆy = − sinφB eˆX + cosφB eˆY (and similarly for eˆx′ and
eˆy′), we find
a = cos θ′B cos θB C
(e)(∆φ) + sin θ′B sin θB, (96)
b = cos θB S
(e)(∆φ), (97)
c = − cos θ′B S(e)(∆φ), (98)
d = C(e)(∆φ), (99)
where9
C(e)(∆φ) =
1
2
(
ei∆φ
1− u1/2e
+
e−i∆φ
1 + u
1/2
e
)
, (100)
S(e)(∆φ) =
1
2i
(
ei∆φ
1− u1/2e
− e
−i∆φ
1 + u
1/2
e
)
, (101)
with ∆φ ≡ φB − φ′B. Using the definition of I [see
eq. (61)], we can relate I(k) for the scattered radiation
to I ′ = I(k′) for the incident radiation. Integrating over
all possible incident directions kˆ′, we obtain the source
function due to electron scattering:
S
(e)
sc (k) = ner
2
e
∫
dΩ′ R(e)(k′ → k) · I(k′), (102)
where dΩ′ = d2kˆ′ = d cos θ′Bdφ
′
B , and the scattering phase
matrix R(e) is given by
R
(e)(k′ → k) =

|a|2 |b|2 (a∗b)r (a∗b)i
|c|2 |d|2 (c∗d)r (c∗d)i
2(a∗c)r 2(b
∗d)r (a
∗d+ b∗c)r (a
∗d− b∗c)i
−2(a∗c)i −2(b∗d)i −(a∗d+ b∗c)i (a∗d− b∗c)r

 (103)
In eq. (103), we have used the notation (a∗b)r = Re(a
∗b)
and (a∗b)i = Im(a
∗b), etc.
The source function due to photon-ion scattering can be
similarly written as
S
(i)
sc (k) = nir
2
i
∫
dΩ′ R(i)(k′ → k) · I(k′), (104)
where ni is the ion number density, ri = (Ze)
2/(Ampc
2),
andR(i) has the same form as eq. (103), except that in the
expressions for a, b, c, d [eqs. (96)-(99)] one should replace
C(e)(∆φ) and S(e)(∆φ) by
C(i)(∆φ) =
1
2
(
ei∆φ
1 + u
1/2
i
+
e−i∆φ
1− u1/2i
)
, (105)
S(i)(∆φ) =
1
2i
(
ei∆φ
1 + u
1/2
i
− e
−i∆φ
1− u1/2i
)
. (106)
It is easy to check the source functions derived above re-
duce to the appropriate zero-field results (Chandrasekhar
1960) when B → 0.
6.2.1. Special Case: Axisymmetry
When I is independent of φB [as is the case when B
is perpendicular to the (local) stellar surface], the source
function S(e)sc reduces to
S
(e)
sc (k) = 2πner
2
e
∫
dµ′ R¯(e)(k′ → k) · I(k′), (107)
where µ′ = cos θ′B. The azimuthal average of R
(e) is given
by
R¯
(e)(k′ → k) =


〈|a|2〉 µ2Fe 0 µ′µ2G
µ′2Fe Fe 0 µ
′Ge
0 0 0 0
2µ′2µGe 2µGe 0 2µ
′µFe,

 (108)
where µ = cos θB and
〈|a|2〉 = (µ′µ)2Fe + (1− µ′2)(1 − µ2). (109)
The functions Fe and Ge in eqs. (108)-(109) are
Fe =
〈|C(e)(∆φ)|2〉 = 〈|S(e)(∆φ)|2〉 = 1 + ue
2(1− ue)2 ,(110)
Ge = i
〈
C(e)(∆φ)
[
S(e)(∆φ)
]∗〉
= − u
1/2
e
(1− ue)2 . (111)
9 To avoid divergence at ue = 1, one can replace (1 + αu
1/2
e ) by (1 + iγe + αu
1/2
e ) (where γe is the dimensionless electron damping rate) in all
relevant equations. Similarly, one can replace (1 +αu
1/2
i ) by (1 + iγi +αu
1/2
i ) to avoid divergence at ui = 1. For simplicity, we do not include
these damping terms explicitly in the equations of this subsection.
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The source function S(i)sc due to photon-ion scattering is
S
(i)
sc (k) = 2πnir
2
i
∫
dµ′ R¯(i)(k′ → k) · I(k′), (112)
where R¯(i) has the same form as eq. (108), except that the
functions Fe and Ge are replaced by
Fi =
1 + ui
2(1− ui)2 , Gi =
u
1/2
i
(1 − ui)2 . (113)
6.2.2. Special Case: Thermodynamic Equilibrium
When the radiation field is in complete thermodynamic
equilibrium with matter, I = (Bν/2, Bν/2, 0, 0)
+, and the
source functions due to electron and ion scatterings be-
come
S
(e)
sc (k) = neσTBν


µ2Fe + (1− µ2)/2
Fe
0
2µGe

 , (114)
S
(i)
sc (k) = niσ
(i)
T Bν


µ2Fi + (1 − µ2)/2
Fi
0
2µGi

 , (115)
where σT = 8πr
2
e/3 and σ
(i)
T = 8πr
2
i /3. On the other
hand, the sink term due to scattering is
(M · I)sc =
k0Bν
2
(
σ11i, σ22i, 0,−2σ12r
)+
sc
, (116)
where the subscript “sc” implies that one should keep
only the terms proportional to γre and γri in eqs. (81)-
(82) (the terms proportional to γei are due to absorp-
tion). Neglecting the damping γ2± in eq. (83), we find
εi = 2(veγreFe + viγriFi), gi = 2(veγreGe + viγriGi), and
ηi = veγre + viγri. Substituting these into eqs. (78)-(80)
and using
veγre = neσT /k0, viγri = niσ
(i)
T /k0, (117)
we can easily show that S(e)sc + S
(i)
sc − (M · I)sc = 0 is
satisfied, as it should.
7. conclusion
The main results of this paper can be summarized as
follows.
1. We presented a physical discussion of the effect of vac-
uum polarization on radiative transfer in strong magnetic
fields and thermal radiation from magnetars (§2). This
substantiated and clarified our previous results (LH02 and
HL03): vacuum polarization depletes the high-energy tail
of the thermal spectrum and suppresses spectral lines.
2. We studied the mode properties and examined sev-
eral issues associated with the resonance due to vacuum
polarization in a magnetized electron-ion plasma (§3). We
showed that for superstrong magnetic fields, mode collapse
and the breakdown of Faraday depolarization occur near
the vacuum resonance for a wide range of propagation di-
rections. Therefore a rigorous treatment of radiative trans-
fer in magnetar atmospheres must go beyond the modal
description of the radiation.
3. We studied the propagation of polarized radiation in
the inhomogeneous atmosphere of magnetars (§4 and §5).
We found that even with mode collapse and breakdown of
Faraday depolarization, the evolution of polarized X-rays
across the vacuum resonance can be described by a jump
probability from one mode into another.
4. We derived the general transfer equations for the
photon intensity matrix (Stokes parameters) in the mag-
netized plasma-vacuum medium (§6). Explicit expressions
for the source functions due to emission and scatterings
were obtained. These transfer equations are useful for ac-
curate calculations of radiation/polarization spectra from
magnetars.
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NAG 5-8484 and NAG 5-12034, NSF grant AST 9986740,
and a fellowship from the A.P. Sloan foundation.
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Fig. 1.— A schematic diagram illustrating mode conversion due to vacuum polarization: As a minus-mode (plus-mode) photon, which
manifests as X-mode (O-mode) at high density (for E > EBi), traverses the vacuum resonance density ρV , it will stay as minus-mode
(plus-mode) and become O-mode (X-mode) at low density if the adiabatic condition is satisfied (see also the left panels of Fig. 3). In this
evolution, the polarization ellipse rotates 90◦ and the photon opacity changes significantly.
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Fig. 2.— A schematic diagram illustrating how vacuum polarization-induced mode conversion affects radiative transfer in a magnetar
atmosphere. When the vacuum polarization effect is turned off, the X-mode photosphere (where optical depth ∼ 1) lies deeper than the
O-mode. With the vacuum polarization effect included, the X-mode effectively decouples (emerges) from the atmosphere at the vacuum
resonance, which lies at a lower density than the (original) X-mode photosphere.
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Fig. 3.— The polarization ellipticities K [upper panels; see eq. (17)] and refractive indices (lower panels) of the photon modes as functions
of density near vacuum resonance for B = 5 × 1014 G, θB = 45
◦, and Ye = 1. The left panels are for E = 5 keV, and the right panels
for E = 1 keV. On the right panels, the light curves show the results when damping is neglected, while the heavy lines include damping
(we set T = 5 × 106 K in evaluating γei). On the left panels, the results are indistinguishable with and without damping. Note that the
correspondence between the plus-, minus-modes and the X-, O-modes depends on the density and the photon energy (E > EBi vs. E < EBi).
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Fig. 4.— The critical angle θB = θcoll for mode collapse at vacuum resonance as a function of photon energy. The four curves correspond
to B14 = 0.1, 1, 5, 10. Note that for E = EBi (the ion cyclotron energy), θcoll is very close to 90
◦. For θcoll < θB < 180
◦ − θcoll, the modes
are highly nonorthogonal and the condition for Faraday depolarization breaks down (see also Fig. 5).
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Fig. 5.— The critical photon energy E = EFar(B, θB) for the breakdown of Faraday depolarization. For E ≫ EFar (the unshaded region),
the condition for large Faraday depolarization is satisfied. Note that the boundary E = Efar(B, θB) also corresponds to θB = θcoll(E,B) (see
Fig. 4).
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Fig. 6.— The critical photon energy for adiabatic mode conversion as a function of magnetic field strength. The unshaded region refers to
the adiabatic regime in which the condition E > Ead is satisfied [see eq. (2)]. The solid line is for θB = 45
◦ and the dashed line for θB = 15
◦,
both assuming Hρ = 5 cm.
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Fig. 7.— Evolution of Stokes parameters across the vacuum resonance. The parameters are B14 = 1, θB = 45
◦, and the density profile is
ρ = ρV exp(−z/Hρ) with Hρ = 5 cm. At z = −0.3 cm, the radiation is in the plus-mode, with I = 1. The solid lines are for E = 1 keV, the
short-dashed lines for E = 3 keV, the dotted lines for E = 0.5 keV, and the long-dashed lines for E = 0.1 keV.
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Fig. 8.— Evolution of the ratio |A+|/|A| for the cases depicted in Fig. 7. Here |A±| is the amplitude of the plus and minus-modes and
|A| =
√
|A+|2 + |A−|2.
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Fig. 9.— Evolution of Stokes parameters I, Q and mode amplitudes |A+|, |A−| across vacuum resonance, for E = 1.7 keV, B14 = 5,
θB = 45
◦, and Hρ = 5 cm. At z = −0.03 cm, the radiation is in the plus-mode, with A+ = 1. The solid lines show the results including
realistic damping terms in the dielectric tensor, and the dotted lines show the results when the damping terms are turned off. Note that for
this case, β = 1.066 i at ρ = ρV , so that the mode amplitudes are well defined only away from the the resonance (A+ and A− are calculated
assuming that θm is real and the two modes are completely orthogonal).
